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The attainable-region approach for reaction, mixing, and separation is applied for step-growth
melt polycondensations. A concentration-based formulation is applied to develop hybrid reactor-
separator models for the two-phase continuous stirred tank reactor and plug-flow reactor with
simultaneous vapor removal. The evaporation of the volatile byproducts, which is typically limited
by liquid-phase mass transfer, is characterized with a Thiele modulus. A reaction-separation
vector that satisfies the same geometric properties as the reaction vector is defined, so that a
candidate attainable region can be constructed by following a known procedure for reaction-
mixing systems. The technique is demonstrated on the industrially important polycondensation
step in the production of Nylon 6,6. The effect of temperature, pressure, and Thiele modulus on
the candidate attainable region for number-average molecular weight is analyzed.

Introduction and Background

Step-growth polymerization in polymer melt is a
widely commercialized manufacturing process for en-
gineering thermoplastics and synthetic fibers. In step-
growth polymerization, the growth of the polymer chain
occurs through the reaction of functional groups
(-COOH, -OH, -CO, etc.) when the monomer has at
least two functional groups. The functional groups can
be located either on the same monomer molecule or on
different monomers. Bifunctional monomers generate
linear polymer chains. When more than two functional
groups are present, the polymer molecule is either
branched or cross-linked.

The overall reaction stoichiometry of step-growth
polymerization can be written as

where Pm and Pn represent chains of length m and n,
respectively, having two different functional groups,
Pm+n is the resulting polymer molecule, and W is the
condensation byproduct. Step-growth polymerization
reactions in the melt process are reversible, and the
equilibrium constant is generally not very favorable, on
the order of 1 for polyesters.1 Thus, to produce high
molecular weight polymers, the extent of reversible
reactions has to be minimized. To minimize the extent
of reversible reactions, it is necessary to remove as much
as possible the volatile byproducts that are formed in
the forward reactions.

Typical examples of step-growth polymerization reac-
tions include polymers such as Nylon, poly(ethylene
terephthalate) (PET), and Bisphenol A polycarbonate
(BPA PC). In addition to polycondensation reactions,
there are also degradation reactions occurring in the last
stage of the polymerization that can affect the final
molecular weight as well as other important quality
parameters of the final resin.

We will assume the validity of the equal reactivity
hypothesis,2 meaning that we will always consider
forward and reverse reaction rate constants of step-
growth polymerization to be independent of the chain
length.

Polycondensation Reactors

A typical continuous-melt polymerization process
consists of two stages, an oligomerization stage and a
polycondensation stage. In the beginning, esterification
reactions dominate to convert monomers into oligomers
of low molecular weight. In this stage, the viscosity of
the melt is low enough that phase equilibrium can be
achieved with a good agitation; thus, continuous stirred
tank reactors (CSTRs) can be used. In the following
stage, polycondensation reactions occur to convert low
molecular weight oligomers into high molecular weight
polymers. Polycondensation is typically realized in one
or more finishing reactors, which are mass-transfer-
limited because of the very high viscosity of the polymer
melt.1 The two most common types are the horizontal
reactor [also called the wiped-film reactor (e.g., the
reactor manufactured by Hitachi3)] and the vertical
falling-film reactor (e.g., Luwa-type reactor).4

Several models of wiped-film reactors have been
derived in the literature, and most of them have been
applied to PET polycondensation.5 Secor6 used the
Higbie penetration theory to represent condensation
polymerization because the high viscosities suppress
convection. Ault and Mellichamp7 developed a model for
wiped-film reactors in which the film is periodically
mixed and the volatiles are removed during the film
exposure time. Yokoyama et al.8 from the Hitachi
Research Laboratory simulated continuous polyconden-
sation with CSTRs in series accompanied by interstage
backmixing. Their model includes diffusivities and other
parameters that are regressed from pilot-plant data.
Amon and Denson9 assumed that reaction occurs only
in the bulk pool while the byproduct removal takes place
only in the film. Ravindranath and Mashelkar10 further
developed the penetration theory model originally de-
veloped by Secor and added an analysis of axial disper-
sion in polycondensation reactors. They also considered
the change in interfacial concentration and the influence
of side reactions.11 Gupta et al.12 revisited the models
of Amon and Denson and Ault and Mellichamp includ-
ing the effect of film thickness and the unequal reactiv-
ity case for step-growth polymerization. Steppan et al.13

developed a model for Nylon 6,6 polymerizers using
realistic kinetic and equilibrium correlations as well as
degradation reactions. Choi and co-workers did several
experimental and modeling studies on melt polycon-
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densation of PET using a screw-type reactor14 and a
rotating-disk reactor15,16 operating under vacuum. They
recently extended their analysis to forced-gas sweeping
processes applied to PET17 and BPA BC.18 A model of
an industrial PET wiped-film reactor was also developed
by Bhaskar et al.19 Similar models, also combined with
neural network models (“hybrid models”), have been
applied to an industrial reactive extrusion process for
the production of Nylon 6,6.20,21 Dynamic models have
also been proposed to address startup and grade transi-
tion operations.22-24 More recently optimization studies
have been done on existing reactor models.25-27

Reactor Models
The mass balance for polycondensation finishing

reactors can be expressed using the general equation
for simultaneous diffusion and chemical reaction for
constant-volume systems:

where ci is the concentration [kmol/m3] of the ith species,
Di,m is the effective diffusivity of i in the mixture, and
ri is the production rate of the ith species [kmol/(m3 s)]
that can be written as

where Rj is the rate of the jth reaction, νi,j is the
stoichiometric coefficient of the ith component in the jth
reaction, and NR is the total number of chemical
reactions. The first simplification of the partial dif-
ferential equaiton (PDE) system in eq 2 is based on the
assumption that the diffusion coefficient of the polymer
molecules is much smaller than that of the volatile
species diffusing out of the melt.6 That implies that for
the nonvolatile species (end groups and repeat units)
the system in eq 2 can be written as

where V represents the number of volatile species. We
will also assume that chemical reaction takes place only
in the bulk and diffusion occurs only in the film. This
assumption, introduced by Amon and Denson9 in their
model, greatly simplifies the calculations and seems to
be quite reasonable. Most of the byproduct is expected
to be removed from the film because of its larger surface
area compared to that offered by the bulk. On the other
hand, because the volume of the polymer in the film is
much less than the holdup in the bulk phase, we can
neglect the reaction term in the film. According to the
model of Amon and Denson, we also neglect axial mixing
within the pool. In the final stage of polycondensation,
the amount of byproduct removed is normally very small
compared to the total mass of the melt; therefore, we
assume that the inlet volumetric flow rate remains
constant along the reactor.

By considering an element dz along the reactor, it can
be shown that the governing equation for the mass
balance of the volatile species is

where a is the interfacial area per unit volume that has

units of 1/m. kLa has units of inverse time (1/s), and
1/kLa represents a characteristic time for mass transfer.
For the nonvolatile species in the melt, the mass balance
is the same as that of the classical plug-flow reactor
(PFR) in concentration space:

We introduce two dimensionless groups, the Damköhler
number (Da) and the Thiele modulus (Φ2). The
Damköhler number is defined as the ratio of a charac-
teristic residence time to a characteristic reaction time:

If l is the length of the polycondensation reactor, the
residence time is τ ) l/u. In a mole fraction or activity-
based rate model, the reaction rate constant always has
units of inverse time regardless of the reaction order.
Then we can define a characteristic reaction time as the
inverse of a reaction rate constant evaluated at a
reference temperature (1/kf,ref). Therefore, the Damköhler
number can be expressed as

The Thiele modulus is defined as the ratio of a charac-
teristic diffusion time to a characteristic reaction time:

We can assume the characteristic diffusion time to be
the same as the characteristic time for mass transfer
(1/kLa). The characteristic reaction time is the same as
the one used in the expression of the Damköhler
number. Therefore, we define the Thiele modulus as

Equation 5 can be expressed in terms of the dimension-
less groups Da and Φ2 and can be rewritten as

The corresponding equation for nonvolatile species is

The dimensionless parameters used are similar to the
ones used by Steppan et al.13,28-30 In the flowing film
reactor model of Steppan et al.,28 the PDE system of
the governing equations contains a reaction term that
is multiplied by Φ2 and a separation term that is
multiplied by Φ2/Da. In eq 11, the reaction term is
multiplied by Da and the separation term by Da/Φ2. The
reason for the apparent contradiction is that Steppan
scaled the system using the diffusion time (expressed
as H2/D, where H is the film thickness and D the
diffusion coefficient) as the characteristic time, while
we have scaled our equations using the residence time
as the characteristic time. The latter choice allows us
to integrate the equations where the independent vari-
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able (ê) always goes from 0 to 1. Also, the form of eq 11
is consistent with other formulations of reaction-
separation devices,31-33 as shown also in the appendix.

In analogy to the PFR case, we can write an equation
of the component material balance for the CSTR using
the two dimensionless parameters previously defined:

Attainable-Region Approach
The attainable region (AR) is a geometric approach

for process synthesis that addresses reactor network
feasibility. The concept, first introduced by Horn,34 has
been extensively investigated by Hildebrandt, Glasser,
and their co-workers for processes including reaction
and mixing.35-40 For a given system of reactions with
given reaction kinetics, the AR is defined as the portion
of concentration space that can be achieved from a given
feed composition by any combination of reaction and
mixing. This AR is sometimes called the “kinetically
attainable region” to distinguish it from the “thermo-
dynamically attainable region”, which is determined by
equilibrium constraints.41 Hopley et al.42 looked at
exothermic reversible reaction with complex kinetics,
and Nicol et al.43,44 included external cooling and
heating systems. The AR method has also been extended
to separation problems: Omtveit et al.45 gave a graphi-
cal representation of reactor-separator-recycle systems
in concentration space, Jobson et al.46 studied the
geometry of different configurations of two flash stages,
Kauchali et al.47 applied the AR to binary distillation,
and Hausberger et al.48 determined the optimal feed
policy for ternary distillation systems. Feasible regions
for simultaneous reaction and separation systems rel-
evant to reactive distillation have been studied by Nisoli
et al.32 for cocurrent cascades of CSTRs and by Gadewar
et al.49 for countercurrent cascades of CSTRs. Feinberg
and Hildebrandt have done extensive work on describ-
ing the mathematical properties of the AR and deter-
mining the characteristics of its boundary.50-54 Lately,
more research has been focused on hybrid process
synthesis methods that combine the AR approach with
conventional optimization techniques.55-59 There have
been a limited amount of applications of the AR ap-
proach to polymerization systems: Smith and Malone
have extended AR methods to free-radical polymeriza-
tion systems using reactor models in terms of the
moments60 and then included random copolymer sys-
tems.61

In this work we want to use simple CSTR and PFR
reactor models to construct the convex hull for reaction-
mixing melt polymerization systems. For step-growth
polymerization, we calculate the candidate AR (CAR)
for number-average molecular weight. For a polymer
with two different end groups, the number-average
molecular weight is defined as

where ei represents the moles of end group i per gram
of polymer (ei ) ci/Fm, where Fm is the mass density of
the polymer melt). On the basis of eq 14, it makes more
sense to keep the reactor models in concentration space
to derive the CAR for Mn.

The PFR and CSTR models defined by eqs 11 and 13,
respectively, can be expressed in terms of a reaction-
separation vector that is always tangent to the concen-
tration trajectory for the PFR and is collinear with the
vector defined as the difference between the feed and
exit concentrations for the CSTR. The reaction-separa-
tion vector can be expressed in terms of the two
dimensionless parameters Da and Φ2:

where

is the reaction-separation vector, which is the differ-
ence of a reaction vector Dari/kf,ref and a separation
vector Da/Φ2(ci - ci

eq). For nonvolatile species, the
reaction-separation vector reduces to the reaction
vector only.

Nylon 6,6 Polymerization

We now apply the AR approach to a typical example
of step-growth polymerization such as the polyamidation
reaction of Nylon 6,6:62

where an amine end group (A) reacts with a carboxyl
end group (C) to form an amide linkage (L), resulting
in the removal of a water molecule (W). The reaction
rate constant (kapp) and equilibrium constant (Kapp) of
reaction (18) are defined in terms of mole fractions
because they already account for the nonideality of the
liquid mixture:

kapp and Kapp will be calculated according to the activity-
based model derived by Steppan et al.:63

Eapp is a constant (21.400 kcal/mol). k0, K0, and ∆Happ
depend on the mole fractions of water (xW) and carboxyl
end group (xC):

ci - ci
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kapp ) k0 exp[-
Eapp

R (1
T

- 1
T0

)] (21)

Kapp ) K0 exp[-
∆Happ

R (1
T

- 1
T0

)] (22)

k0 ) exp{2.55 - 0.45 tanh[25(xW - 0.55)]} +
8.58{tanh[50(xW - 0.10)] - 1}(1 - 30.05xC) (23)

∆Happ ) 7650 tanh[6.5(xW - 0.52)] +
6500 exp(- xW/0.065) - 800 (24)
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Depending on the operating condition, Nylon 6,6 can
be susceptible to thermal degradation, which can sig-
nificantly affect product properties (changes in the
number of end groups can change dyability, and small
amounts of cross-linking can be detrimental during the
fiber spinning process). Steppan et al.30 developed a
simplified kinetic model that is consistent with all of
the previously published experimental data on the
degradation of Nylon 6,6. The kinetic scheme includes
formation of volatile species (ammonia and carbon
dioxide) and considers the extent of cross-linking, ac-
cording to the following reactions:

where SE refers to a stabilized (or cyclized) end group,
SB to a Schiff base, and X to a cross-link. The rates of
the reaction steps given by eqs 26-29 are expressed as

where cT is the total molar concentration (cT ) cA + cC
+ cL + cW + cSE + cSB + cX). The kinetic parameters of
the degradation model (k1, k2, k2C, k3, k4, a, and b) are
reported in Table 4 of Steppan et al.30 The concentration
of polymer molecules is given by

and the number-average molecular weight can be writ-
ten as

Equations 34 and 35 are valid for small amounts of
cross-linking (at most, one cross-link in any polymer
molecule).

Calculation of the Initial Condition. In the Nylon
6,6, polymerization, the initial condition of the prepoly-
mer is given in terms of the initial number-average
molecular weight (Mn) and the initial weight fraction
of water (ωW) in equilibrium with the mixture. If we
assume that the amine and carboxyl end groups are
present in a stoichiometric amount, their concentration
(in terms of moles per g of mixture) can be calculated
from the definition of the number-average molecular
weight:

The corresponding molar concentrations cA and cC are
derived by simply multiplying eA and eC by the mass
density of the mixture (Fm). To calculate the initial
condition to use in the simulation, we can assume that
at the prepolymer stage no degradation reactions have
taken place yet, so that the polymer melt can be
represented in terms of a four-component mixture (A,
C, L, and W). The four initial mole fractions at a given
temperature can be calculated by solving a nonlinear
system of four equations: (1) stoichiometric equation
for the mole fractions (xA + xC + xL + xW ) 1); (2)
assumption that the amine and carboxyl end groups are
present in a stoichiometric amount (xA ) xC); (3)
constraint on the water mass fraction [f(xA,xC,xL,xW) )
ωW]; (4) chemical equilibrium constraint (Keq ) xLxW/
xAxC).

Once the mole fractions are known, the total concen-
tration of the mixture can be calculated because we
know the molar concentration of amine and carboxyl end
groups (cT ) cA/xA). Therefore, because we know all of
the mole fractions and the total concentration, all of the
initial concentrations can also be calculated. In all of
the Nylon 6,6 calculations that will be presented, the
density of the melt has been assumed to be equal to 1
g/cm3. Van Krevelen64 reports a density of amorphous
Nylon 6,6 of 1.07 g/cm3 and a ∆Vm (expansion due to
melting) on the order of 10%, so it is reasonable to
assume a melt density of approximately 1 g/cm3.

Table 1 shows an example of the calculation for a
prepolymer with Mn ) 6200, ωW ) 0.035, and T ) 280
°C.

Design Procedure

Before constructing the CAR, we want to plot the
maximum molecular weight that can be achieved as a
function of the dimensionless parameters Da and Φ2 for
the PFR (eq 11). We assume isobaric and isothermal
calculations, and we choose the reference reaction rate
constant kapp

0 as the value of the rate constant when
the water and amine end-group concentrations approach
zero at 200 °C (kapp

0 ) 2.926 h-1). In addition to being a
useful design tool, the plots of maximum Mn as a
function of Da and Φ2 were done to check that the model
makes physical sense with respect to the asymptotic
behaviors (low and high Da and Φ2).

We plotted a three-dimensional (3D) surface plot that
is convenient for looking at asymptotic behaviors and
also a contour plot that can be used for obtaining a
preliminary design of wiped-film polymerizers. Contour
plots have already been used by Steppan et al.,13,28 so
they were available to us for a qualitative comparison.
An exact comparison is not possible because the Thiele
modulus is defined differently and also Steppan’s model
is a PDE model rather than an ordinary differential
equation model. Nevertheless, Steppan’s diagrams were

K0 )

exp{[1 - 0.47 exp(-xW
1/2/0.2)](8.45 - 4.2xW)} (25)

C f SE + W (26)

L f SE + A (27)

SE f SB + CO2 (28)

SB + 2A f X + 2NH3 (29)

R1 ) cTk1xC (30)

R2 ) cTxL(k2 + k2CxA) (31)

R3 ) cTk3xAxSE
a (32)

R4 ) cTk4xSB
bxA (33)

cP )
cA + cC + cSE + cSB - cX

2
(34)

Mn )
2Fm

cA + cC + cSE + cSB - cX
(35)

eA ) eC ) 1/Mn (36)

Table 1. Calculation of the initial condition from Mn, wt
% Water, and Temperature

Mn ) 6200 g/mol F ) 1000 kg/m3 water ) 3.5 wt %
eA ) 0.000161 mol/g cA ) 0.161 mol/L XA ) 0.0184
eC ) 0.000161 mol/kg cC ) 0.161 mol/L XC ) 0.0184

cL ) 6.855 mol/L XL ) 0.7807
cW ) 1.603 mol/L XW ) 0.1826

K0 ) 1418
T ) 553.15 K
∆Happ ) -7870 cal/mol
K ) 422.5
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a good check to determine that our molecular weight
values were consistent with his results.

Figure 1 shows a surface plot of Mn as a function of
Da and Φ2 for P ) 300 Torr, T ) 280 °C, and the initial
composition calculated in Table 1. The model seems to
predict correctly the limits of high and low values of the
parameters. Mn is highest at high Da (much higher
residence time compared to the characteristic reaction
time, approach to reaction equilibrium) and low Φ2

(higher rate of mass transfer and therefore fastest
byproduct removal to enhance conversion). Mn is lowest
at low Da (short residence times compared to reaction
times) and high Φ2 (diffusion-controlled regime and slow
rate of mass transfer). The corresponding contour plot
is shown in Figure 2. Notice that the contour plot can
be used for a preliminary design of a wiped-film poly-
merizer. Once the desired outlet molecular weight has
been chosen, that determines different possible combi-
nations of the dimensionless parameters that lay on the
same line at constant Mn. Every combination of Da and
Φ2 for a fixed throughput corresponds to a certain
geometry of the reactor (l), catalyst type, or concentra-
tion (kf, ref), internals giving a specific mass-transfer
performance (kLa). Alternatively, contour plots of Mn at
different T and P can be used to predict the effect of a
change in the operating conditions on the outlet molec-
ular weight for an existing unit. Therefore, they serve
as both a design and a simulation tool.

Figures 3 and 4 show the surface and contour plots,
respectively, for P ) 300 Torr, T ) 300 °C, and the

initial composition calculated in Table 1. As expected
at higher temperature, the degradation reactions start
having a significant impact on the outlet molecular
weight. You can see that more clearly in the contour
plot, where the curves at higher Da and lower Φ2 show
a maximum, as was already pointed out by Steppan et
al.13,28

AR Construction
For the initial condition specified in the previous

section and shown in Table 1, we can construct the CAR.
We assume isobaric and isothermal calculations, and
as we did for the Mn(Da,Φ2) plots, we choose the
reference reaction rate constant kapp

0 as the value of the
rate constant when the water and amine end-group
concentrations approach zero at 200 °C (kapp

0 ) 2.926
h-1). The CAR is constructed by plotting the trajectories
in the end-group concentration space (e1, e2). The region
in the end-group concentration space will then generate
a molecular weight CAR in the (Mn, e1, e2) space.
Because the CAR is obtained by plotting CSTR and PFR
trajectories, we need to solve the CSTR and PFR for long
residence times. To get the trajectories, it is convenient
to express eqs 11 and 13 in the following form:

Figure 1. Mn surface plot at P ) 300 Torr and T ) 280 °C.

Figure 2. Mn contour plot at P ) 300 Torr and T ) 280 °C.

Figure 3. Mn surface plot at P ) 300 Torr and T ) 300 °C.

Figure 4. Mn contour plot at P ) 300 Torr and T ) 300 °C.

dci

dDa
)

ri

kf,ref
- 1

Φ2
(ci - ci

eq) (37)

ci - ci
0 ) [ ri

kf,ref
- 1

Φ2
(ci - ci

eq)]Da (38)
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Equation 11 is equivalent to eq 37 because the following
relationship applies:

In eqs 37 and 38, Da represents the residence time in
the classical PFR and CSTR models in concentration
space; therefore, the PFR and CSTR trajectories are
going to be parameterized in Da.

If we neglect degradation reactions, the CAR con-
struction becomes trivial. In that case, there are only
two end groups, the amine end group (eA), and the
carboxyl end group (eC). The corresponding end-group
concentrations are cA and cC. Because no degradation
reactions are considered yet, cC(cA) is just a straight line
with slope equal to 1. Different operating conditions and
parameter values will only change the length of that
segment: in fact, the point at minimum end-group
concentration identifies the maximum molecular weight
that can be achieved, and that changes with operating
conditions (T, P) and process parameters. That is true
for both CSTR and PFR because the end groups are not
volatile and the initial stoichiometric constraint is not
changed by the presence of degradation reactions. The
only difference between CSTR and PFR is that a certain
molecular weight will be attained at different values of
the residence time. The same straight line represents
the CAR because no mixing lines are needed to form
the convex hull in this case.

We define the CAR with respect to the number-
average molecular weight (Mn) as the surface Mn(cA,cC)
in the (Mn, cA, cC) space. Because the trajectory cC(cA)
is a straight line in the end-group concentration phase
plane, Mn(cA,cC) is just a line in the (Mn, cA, cC) space.

Let us now consider the case where degradation
reactions are present. When degradation is taken into
account, we need to consider five end groups according
to eqs 30-33; therefore, the concentration space of the
end groups is a multidimensional space. To still apply
the AR concept in two and three dimensions, we
introduce two end-group concentrations c1 and c2 that
are defined as

On the basis of eqs 40 and 41, the total concentration
of polymer cP (eq 34) and the number-average molecular
weight Mn (eq 35) can be written as

Figure 5a shows the CAR construction in the (c1,c2)
concentration space for P ) 300 Torr, T ) 280 °C, Φ2 )
1, and the feed conditions calculated in Table 1 (T )
280 °C and prepolymer Mn ) 6200 g/mol). To construct
the CAR, we first plot the CSTR and PFR trajectories
obtained by solving eqs 38 and 37, respectively, for large
values of Da. The stopping condition for solving eqs 38
and 37 is imposed by the validity of eq 35; thus, the
corresponding Da will be the value for which we have,

at most, one cross-link per polymer molecule. Because
at point c in Figure 5a the reaction-separation vector
points outward (as point c lies on a CSTR trajectory),
we can enlarge the region by starting a PFR trajectory
at that point. The region is then made convex by two
mixing lines (a-b and c-d). The boundaries of the CAR
are made of PFR trajectories (c-b and d-a) and mixing
lines (a-b and c-d), so at every point of the region, the
reaction-separation vector is either tangent or pointing
inward; therefore, the region cannot be extended fur-
ther. Once we constructed the CAR in the (c1, c2)
concentration space, we can easily construct the corre-
sponding CAR for the number-average molecular weight,
which is a surface in the (Mn, c1, c2) 3D space, according
to eq 43. Figure 5b shows the CAR for Mn for P ) 300
Torr, T ) 280 °C, and Φ2 ) 1. You can see that as the
reaction between amine and carboxyl end groups pro-
ceeds along with the separation of the water byproduct
(c1 becomes lower) the extent of the (irreversible)
degradation reactions increases and the Mn surface goes
through a maximum before the value of Mn starts
decreasing as the cross-linking becomes more signifi-
cant.

Now we change the operating conditions (P, T, and
Φ2) and see their effect on the trajectories and the CAR.
We first consider the case of increasing T and decreasing
P. Both changes will produce higher conversion and a
faster molecular weight build early in the reactor by
lowering the water concentration in the liquid phase,
although the higher temperature will also increase the
rate of the degradation reactions. Figure 6a shows the
CAR construction in the (c1, c2) concentration space for
P ) 200 Torr, T ) 300 °C, and Φ2 ) 1. We continue to
use the same prepolymer conditions calculated in Table
1. As we did in the previous case, to construct the CAR,
we first plot the CSTR and PFR trajectories obtained
by solving eqs 38 and 37, respectively, for large values
of Da. In this case the PFR starting from point d in
Figure 6a and the two mixing lines (a-b and c-d)
already enclose the CSTR trajectory and make a convex
hull; therefore, the region cannot be extended further
(another PFR trajectory is not required like in the
previous case at P ) 300 Torr and T ) 280 °C). Again,
once we constructed the CAR in the (c1, c2) concentration
space, we can easily construct the corresponding 3D
surface in the (Mn, c1, c2) space, according to eq 43.
Figure 6b shows the CAR for Mn for P ) 200 Torr, T )
300 °C, and Φ2 ) 1. With respect to the base case
analyzed before (P ) 300 Torr and T ) 280 °C), one can
see that the maximum molecular weight achievable is
lower because of the effect of thermal degradation, even
though the same (lower) value of molecular weight can
now be reached at lower Da (therefore at lower residence
time, which would correspond to a shorter reactor). The
higher extent of the degradation reactions in this case
can also be recognized by the steeper molecular weight
decay in the surface of Figure 6b.

Now we consider a change in the Thiele modulus. One
interpretation of changing the Thiele modulus would be
to modify the interfacial area per unit volume (e.g., by
changing the type of internals of the reactor) or to
change the agitation rate of the reactor blades (that
would change the effective mass-transfer coefficient
because the surface renewal becomes larger or smaller).
In both cases, the product of the mass-transfer coef-
ficient and interfacial area per unit volume (kLa) is
different and therefore changes the value of the Thiele

Da dê )
kf,refl

u
dz
l

)
kf,ref dz

u
) dDa (39)

c1 ) cA + cC (40)

c2 ) cSE + cSB - cX (41)

cP )
c1 + c2

2
(42)

Mn )
2Fm

c1 + c2
(43)

Ind. Eng. Chem. Res., Vol. 43, No. 2, 2004 433



modulus. Figure 7a shows the CSTR and PFR trajec-
tories. Figure 7a shows the CAR construction in the (c1,
c2) concentration space for P ) 300 Torr, T ) 280 °C,
and Φ2 ) 0.2. After the CSTR and PFR trajectories are
plotted, the region can be made convex by drawing the
two mixing lines a-b and a-c. We now repeat the
construction of the corresponding 3D surface in the (Mn,
c1, c2) space, according to eq 43. Figure 7b shows the
CAR for Mn for P ) 300 Torr, T ) 280 °C, and Φ2 ) 0.2.
The Mn surface for this case is very similar to the one
we constructed for the base case (P ) 300 Torr, T )
280 °C, and Φ2 ) 1): the maximum molecular weight
has a similar value (because it is primarily determined
by P and T), and the molecular weight decay due to the
degradation reactions is also comparable (the extent of
the degradation reactions is mainly affected by temper-

ature). The difference between Figure 5(b) and Figure
7(b) is that the same molecular weight is achieved at
very different Da number. For the case at Φ2 ) 0.2 the
molecular weight build is much faster (because of the
higher surface renewal due to the higher kLa), therefore
a shorter reactor (lower Da) is required to achieve the
same target molecular weight.

In Figures 5a, 6a, and 7a, the boundaries of the CAR
are mixing lines or PFR trajectories where the reaction
vector does not point outward. Because no CSTR inside
the region can be used to reach a point in the comple-
ment of the CAR, all of the necessary conditions of the
CAR in two-dimensional (2D) space are satisfied. The
CAR in Figures 5a, 6a, and 7a includes a significant
portion of the composition space, up to a relevant
amount of degradation products. The practical range of

Figure 5. (a) Trajectories and CAR in concentration space at P ) 300 Torr, T ) 280 °C, and Φ2 ) 1. (b) CAR for Mn at P ) 300 Torr, T
) 280 °C, and Φ2 ) 1.
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operation will be significantly smaller to ensure a target
product quality, depending on the grade produced (e.g.,
there will be a constraint on the maximum value of c2
allowed).

Conclusions
The AR approach for process synthesis has been

applied to step-growth polycondensation systems. Reac-
tor-separator models have been derived in concentra-
tion space for condensation polymerization reactions
occurring in the liquid phase, using the end-group
approach to characterize the molecular weight buildup.
These models can be described in terms of two inde-
pendent dimensionless parameters: the Damköhler
number, which relates the residence time to the char-
acteristic reaction time, and the Thiele modulus Φ2,

which is introduced to quantify the liquid-phase mass-
transfer resistance that affects the removal of the
volatile byproducts.

By introduction of a reaction-separation vector, it has
been shown that the reactor-separator models have the
same geometric properties as the simple reactor models
in concentration space. Hence, we can apply the proce-
dure that has been previously developed for constructing
the CAR.

We have studied the polycondensation of Nylon 6,6
and constructed the CAR for typical operating condi-
tions in the end-group concentration space. If degrada-
tion reactions are not considered, the AR construction
is trivial. When thermal degradation is taken into
account, the CAR construction becomes a multidimen-
sional problem because more end groups are introduced

Figure 6. (a) Trajectories and CAR in concentration space at P ) 200 Torr, T ) 300 °C, and Φ2 ) 1. (b) CAR for Mn at P ) 200 Torr, T
) 300 °C, and Φ2 ) 1.
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in addition to the amine and carboxyl end groups. By
lumping the end groups into two concentrations, we can
still reduce the problem to a 2D system in the new
concentration space. Once the 2D CAR is generated, the

3D CAR for the number-average molecular weight can
be easily calculated. The effect of the three main knobs
in an industrial reactor (T, P, and Φ2, which represents
the extent of surface renewal) have been analyzed. All

Figure 7. (a) Trajectories and CAR in concentration space at P ) 300 Torr, T ) 280 °C, and Φ2 ) 0.2. (b) CAR for Mn at P ) 300 Torr,
T ) 280 °C, and Φ2 ) 0.2.
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of those three variables influence the extent and the rate
of the condensation byproduct removal, hence affecting
the maximum achievable molecular weight, the amount
of thermal degradation, and the reactor length required
for making the desired product. For this type of problem,
the CAR is a convenient representation tool for choosing
the optimal design (CSTR, PFR, or mixing) as well as
the optimal operating parameters for attaining the
target product quality.

Appendix: Derivation of the PFR Equation
from the General PFR Equation with Vapor
Removal

In the work by Nisoli et al.,32 the following equation
was derived for a two-phase PFR where a specific vapor
removal policy was applied:

where

M is the average molecular weight, kf,ref is the reference
reaction rate constant, Fm is the liquid mass density,
Lm is the mass liquid rate, Fm is the mass feed rate of
liquid, Vh m is the mass vapor rate per unit length, A is
the cross-sectional area of the liquid.

Both eqs 5 and 44 can be derived from a general mass
balance equation of a two-phase PFR. Let us consider
an element dz along the reactor as shown in Figure 8.
The overall mole balance across dz can be written as

where L is the liquid molar flow rate, Vh is the molar
vapor rate per unit length, νT is the algebraic sum of
the stoichiometric coefficients, kf is the forward reaction
rate constant, r is the driving force for the reaction
(moles reacted per mole of mixture), and F is the molar
density of the liquid. The component mole balance
across dz can be expressed as

Equations 48 and 49 can be rearranged as

If we substitute eq 50 into eq 51, we can obtain the
general component balance equation for a two-phase
PFR:

We will show how both eqs 5 and 44 can be derived from
eq 52. Equation 52 can be rearranged as

which is equivalent to

Equation 54 can be written using mass quantities
instead of molar quantities:

We can define a vapor fraction φ and a Damköhler
number Da for the element dz:

where φj and Daj refer to the jth reactor in the series of
CSTR used by Nisoli et al.32 to approach the PFR
behavior. If we assume a vapor removal policy such that

Equation 55 can be written as

Figure 8. Element dz for PFR material balance.

dxi

dη
)

φ

Da
M(x0)

M(y)
(xi - yi) +

M(x0)

M(x)

kf

kf,ref
r(x) (νi - νTxi) (44)

φ ) 1
Fm

∫0

l
Vh m(z) dz (45)

Da )
kf,refFm

Fm
∫0

l
A(z) dz (46)

dη ≡ M(x)
M(x0)

kf,refFm

Lm(z)
A(z) dz (47)

L(z) - L(z+dz) - Vh dz + νTkfr(x) FA dz ) 0
(48)

L(z) xi(z) - L(z+dz) xi(z+dz) -
Vhyi dz + νikfr(x) FA dz ) 0 (49)

dL/dz ) -Vh + νTkfr(x) FA (50)

L
dxi

dz
+ xi

dL
dz

) -Vhyi + νikfr(x) FA (51)

L
dxi

dz
) Vh (xi - yi) + FAkfr(x) (νi - νTxi) (52)

dxi

dz
) Vh dz

L dz
(xi - yi) +

kf,refFA
L

kf

kf,ref
r(x) (νi - νTxi) (53)

L
kf,refFA

dxi

dz
)

Vh dz
L

L
kf,refFA dz

(xi - yi) +
kf

kf,ref
r(x) (νi - νTxi) (54)

Lm

kf,refFmA
dxi

dz
)

Vh m dz
Lm

Lm

kf,refFmA dz
M(x)
M(y)

(xi - yi) +
kf

kf,ref
r(x) (νi - νTxi)

(55)

φ(z) )
Vh m dz

Lm
(56)

Da(z) )
kf,refFmA dz

Lm
(57)

Vh m dz
Lm

Lm

kf,refFmA dz
)

φ(z)
Da(z)

) lim
∆zjfdz

φj

Daj
(58)

φ(z)
Da(z)

) constant )

∫0

l
Vh m(z) dz

Fm

Fm

kf,refFm∫0

l
A(z) dz

) φ

Da
(59)
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If we multiply the left- and right-hand sides of eq 60 by
the ratio M(x0)/M(x), eq 60 is equivalent to eq 44.

In the case of wiped-film polymerizers, it is more
convenient to start the derivation from the general
equation (52) in the following form:

The vapor rate of volatile component i per unit length
(Vhyi) can be expressed using the molar flux of component
i diffusing from the polymer melt:

Therefore, eq 61 can be written as

Because L ) QF (Q ) volumetric flow rate), eq 63 is
equivalent to

Because for wiped-film polymerizers the amount of
vapor removed is very small compared to the liquid flow
rate of the polymer melt, the volumetric flow rate can
be considered constant and taken out of the derivative.
Also, by considering that ri ) νikfr(x) F and ci ) Fxi, eq
64 can be rewritten as

If we divide the left- and right-hand sides of eq 65 by
the area A, eq 65 becomes

where u is the average velocity of the melt. Equation
66 is the same as eq 5.

Notation

a ) interfacial area per unit volume, 1/m
ci ) concentration of component i, kmol/m3

ci
eq ) equilibrium concentration of component i at the

interface, kmol/m3

C ) total number of components
Di,m ) effective diffusivity of component i in a mixture,

cm2/s
Da ) first Damköhler number
ei ) moles of end group i per gram of polymer, mol/g
Eapp ) apparent activation energy, kcal/mol
F ) feed flow rate, kmol/s
∆Happ ) apparent enthalpy of reaction, kcal/mol
k0 ) preexponential factor, 1/s
kapp ) apparent reaction rate constant, 1/s
kapp

0 ) reference reaction rate constant, 1/s
kf,ref ) forward reaction rate constant at the reference

temperature, 1/s
kL ) mass-transfer coefficient, m/s

K0 ) reference equilibrium constant
Kapp ) apparent reaction equilibrium constant
Keq ) reaction equilibrium constant
l ) length of the reactor, m
L ) liquid molar flow rate, kmol/s
Mn ) number-average molecular weight, g/mol
M(x) ) average molecular weight ()Σi)1

C Mixi)
Ni ) molar flux of component i, kmol/(m2 s)
NR ) total number of chemical reactions
P ) system pressure, Pa
Q ) volumetric flow rate, m3/s
r(x) ) driving force for the reaction, moles reacted per mole

of mixture
ri ) rate of production for component i, kmol/(m3 s)
R ) universal gas constant, 8.3145 kJ/(mol K)
Ri ) reaction-separation vector, kmol/m3

Rj ) rate of reaction j, kmol/(m3 s)
t ) time, s
T ) temperature, °C
u ) mean velocity of the melt, m/s
Vh ) molar vapor rate per unit length, kmol/(m s)
x ) state vector
xi ) mole fraction of component i in the liquid phase
yi ) mole fraction of component i in the vapor phase
z ) axial coordinate in a PFR, m

Greek Letters

η ) dimensionless time
νi ) stoichiometric coefficient of component i
νT ) summation of all stoichiometric coefficients
F ) molar density, kmol/m3

Fm ) mass density, kg/m3

φ ) vapor fraction
Φ2 ) Thiele modulus (square)
ê ) dimensionless time

Subscripts and Superscripts

0 ) initial condition, reference condition
A ) amine end group
app ) apparent
C ) carboxyl end group
i ) component index
j ) reaction index
L ) liquid phase
L ) amide linkage
m ) mass-based quantity
n ) number average
ref ) reference
SB ) Shiff base end group
SE ) stabilized end group
T ) total
W ) water
X ) cross-link
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