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To obtain a systems-level understanding of a biological system, the authors conducted quantitative
dynamic experiments from which the system structure and the parameters have to be deduced. Since
biological systems have to cope with different environmental conditions, certain properties are often
robust with respect to variations in some of the parameters. Hence, it is important to use optimal ex-
perimental design considerations in advance of the experiments to improve the information content of
the measurements. Using the MAP—Kinase pathway as an example, the authors present a simulation
study investigating the application of different optimality criteria. It is demonstrated that experimen-
tal design significantly improves the parameter estimation accuracy and also reveals difficulties in

parameter estimation due to robustness.
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1. Introduction

Systems biology examines how individual components of
biologica systems dynamically interact with each other to
obtain asystems-level understanding of the biological pro-
cess under consideration [1]. For this approach, quantita-
tive measurements are made. These measurementsarethen
used to statistically assess the performance of a proposed
mathematical model describing the biological system un-
der investigation [2]. Since in general, the parameters are
unknown, the deviances of themodel predictionscan either
be caused by wrong parametersor by awrong model struc-
ture. Hence, the model parameters are estimated from the
experimental data. Based on these parameter estimates, the
model canbestatistically validated if it isableto reproduce
the observed dynamic behavior [3].
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Tosuccessfully identify themodel structureandreliably
estimate the system parameters, these have to be identifi-
ablegiventhe current experimental design. If thisisnot the
case, the experimental design has to improved. Moreover,
even if identifiability is given, an enhanced experimental
design may drastically improve the estimation accuracy.
Since quantitative time-resolved measurements are time
and cost intensive, these improvements will also reduce
the experimental costs needed to achieve a prespecified
accuracy.

Inthefollowing, we discusshow optimality of an exper-
imental design can be defined and calculated. Then asim-
ulation study using the MAP—Kinase signaling pathway,
which isknown to be arobust pathway involved in a vari-
ety of different regulatory systems, is presented. The main
aim of thissimulation study isto investigate how computer
simulations in advance of the experiments can be used to
improvethe experimental design. Experimental design can
be used to optimizethe sel ection of thetime pointsat which
the measurements are recorded and to calculate optimal
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stimulations of the system. Here we are mainly concerned
with optimization of the input to the MAP—-Kinase path-
way. All measurements are recorded on aprespecified uni-
formgrid of time points. Using thispathway asan example,
the advantages and disadvantages of different optimality
criteria are discussed.

This article is structured as follows. Section 2 intro-
duces the basic system identification theory and briefly
reviews some concepts of optimal experimental design.
After ashort introduction of the MAP—Kinase pathway in
section 3, the results of the simulation study are presented
in section 4.

2. System ldentification

Dynamical biological systems can be described by a vari-
ety of different mathematical models, ranging from partial
or ordinary differential equations to stochastic differen-
tial equations. In the following, we will restrict ourselves
to models defined in terms of ordinary differentia equa-
tions. In this case, the time evolution of the system state
x (1) € R¥ isgiven by

x(t) = f(x(1),0,u()), )

where 8 € R” denotes the parameters of the system, and
u(tr) is the input to the system. Note that 6 may not only
include dynamic parameters such asreaction rates but also
unknown initial conditions of the system state vector x (0).
For the sake of simplicity, the input function u () is as-
sumed to be scalar, but the methods presented in the fol-
lowing do not depend on this assumption.

Often, not al components of the system can be mea-
sured directly. The observation function g describeswhich
properties y" (¢, 8) € R* of the system can be measured,

Y, 0,u) =gx.0,u) i=1....N. (2

The observation function g and the input function u(z), to-
gether with the specification of the time points#; at which
the measurements are recorded, completely specify the ex-
perimental design used. The observations y?(z;) € R* are
given by

yD(t[)ZyM(t[,eo,u)+€i l=1,,N (3)

The true parameter vector is denoted by 6,, and e, € R-
describes the observation error at time 7;,. Most often, the
observation error is assumed to be distributed according to

E,]ZN(O,O'IZ/), l=1,,N J=1,,L (4)

The variances o;; can be estimated from repetitions of the
experiments.

Knowledge of the system structure (equation (1)) and
the experimental design (equation (2)) allows for evaluat-
ing the identifiability of the system structure and the pa-
rameters. Thisisa prerequisite for the inference of system
properties, which isthe final goal of systems biology.
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2.1 |dentifiability

One distinguishes between structural, local, and practical
identifiability. Structural identifiability of parametersisa
theoretical property of the model structure depending only
ontheobservation function g and theinput functionu (z). It
does not depend on the observational noise or the number
of datapointsmeasured but rather isan asymptotic property
in the limit of an infinite number of observations.
Theparametersd of amodel are structural identifiableif

V0,0, cR”,0, #0,= 3 with

g(x(tvela l/l)) #g(x(tveb M)) .

This definition for structural identifiability is rather strict.
One can easily imagine redlistic situations in which the
parameters are not identifiable according to this definition
but nevertheless would be identifiable for areasonably re-
stricted set of all possible parameters. Hence, for al prac-
tical purposes, it is crucial to restrict the set of possible
parameters to decide if parameters can be identified with
the current experimental protocol. Thisleadsto the defini-
tion of local identifiability.

The parameters 6 of a model are localy identifiablein
ae neighborhood of a parameter 6, if

V0,6, €{0eR" |60 <€}, 0, #6,

In contrast to the theoretical propertiesof structural and lo-
cal identifiability, the practical identifiability of parameters
is limited by the finite amount of data and observational
noise. Hence, if there are large observation errors or few
data, and thus no reliable estimate of the parametersis pos-
sible, these parametersare called practical nonidentifiable.

There are different analytical approaches to prove the
structural identifiability of parameters (see[4—6] or [7] for
an overview). However, for large nonlinear systems, these
analytical approaches are quite complicated. For the pur-
poses needed inthisstudy, local identifiability near thetrue
parameter valueis sufficient. To prove local identifiability,
we used an approach based on the parameter estimation
accuracy [8], which will be discussed in section 2.3.

Identifiability of parameters has to be distinguished
from model selection, whereby one tries to discrimi-
nate between different possible models. If the set of
all models under investigation is given by M = {f |
possibly true model}, the true modd is structural identi-
fiableif

V M1(0,), M>8,) € M , My # M,
= 3t withgx(z,01,u)) # gx(,0,,u)) .

Q)

(6)

()

2.2 Parameter Estimation

Inall practical applications, parameters of the system have
to be estimated since they cannot be measured directly. In
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addition, the measured values (see equation (3)) contain
observational errors. Due to its superior statistical proper-
ties, the most popular approach to parameter estimation is
the maximum likelihood method [9-11].

In the case of Gaussian observational noise, the maxi-
mum likelihood estimation corresponds to a minimization
of the weighted residual sum of squares,

Dt M £, 0,

j=1 i=1 ]

The asymptotic distribution of the least squares estimate
6 can be computed analytically. To this end, one assumes
that in the limiting case of an infinite number of obser-
vations, the deviation A6 between the rea and estimated
parametersis also small. Hence, the observation function
can be expanded in a Taylor series, yielding
y/}'w(tiv ev M) = ij(lu GOa I/l) +V6 y] |1i,60 (e - 00)
V.egi(IVxil" .. [V xil") '} 1, 0, ®—80).
C)

After inserting this result in the minimization functional,
one obtains

x’©) = Z Z [ E”Ve ¥;(t,80) AB

j=1 i=1 '/ f

(10
+ [a0] <0i2 [Voy:]" [Voy -"]> ‘nﬁer}

The minimization of x2(8) with respect to 8 yields the
following equation for the estimated deviation of the pa-
rameter vector A9,

{XM:XN: iz [Vo »]" [Ve y,]} A =: FA®

j=1 i=1 0”
11)
M N ¢ ,
= Z Z 0_2 [Ve y,] J
j=1 i=1 i

where the so-called Fisher information matrix F was in-
troduced [9]. The equation above can be solved, and one
obtains

AO=F~ ZZ Vo] (12)
j=1 i=1 '/

Finally, thecovariance matrix X of the estimated parameter
vector is computed by

= (AOAQ") = F*. (13)

To evaluate this covariance matrix, we need the derivations
of the observation function with respect to the parameters,
Vg »;(t:). Taking into account equation (9), one hence
needsthederivation of g withrespectto8 andx. Inaddition,
the derivations Vg x,(#;) have to be computed from the
system of ordinary differential equations,

9 =~ 9fi(x,0)
o (Vo x) =3 == Vox, + Vo ix.0) . (1)

r=1 r

with the initial conditions (Vg x,)(0) = Vg x.(0). If the
Fisher information matrix and thus the covariance matrix
of the estimated parametersareknown, theasymptotic con-
fidence intervals for the estimates can be computed from
the multivariate normal distribution,

_ /DE(F) 1.,
p@®) = “2mE eXp(—EO Fo) . (15)

2.3 Local Identifiability

Local identifiability of the parametersin asmall neighbor-
hood of the true parameter values can be assessed using
the parameter estimation accuracy [8]. If at least one of the
parametersis not identifiable, there must exist afunctional
relationship between some of the parameters. This would
resultin ajoint probability distribution p(0), whichisnot a
multivariate normal distribution. Technically, such a non-
identifiability would result in acovariance matrix that does
not have full rank. Hence, the condition number, the ratio
of the largest eigenvalue to the smallest eigenvalue, would
asymptotically tend to infinity. Therefore, the asymptotic
behavior of the condition number can be used to assess
local parameter identifiability.

Notethat if there are large differencesin the size of the
parameters to be estimated, it will be advantageous to use
relative estimation errors. In such a setting, the correlation
matrix is used instead of the covariance matrix.

2.4 Optimal Experimental Design

Basically, the information content of a measurement can
be quantified by the covariance matrix ¥ of the estimated
parameters. Simply speaking, the smaller the joint confi-
denceintervalsfor the estimated parameters are, the more
information is contained in the experiment. Mostly, four
measures of the information content are distinguished [12-
15]:

» A-optimal design: max(Tr(F))

 D-optimal design: min(det(X))

¢ E-optimal design: min(Amax (X))

* Modified E-optimal design: min(Amax (X)/Amin (X))

The A-optimal design tries to maximize the trace of
the Fisher information matrix F. However, thiscriterionis
rarely used sinceit can lead to noninformative experiments
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[16], with acovariancematrix that isnot positivedefinite. A
D-optimal design minimizesthe determinant of the covari-
ance matrix ¥ and can thus be interpreted as minimizing
the geometric mean of the errors in the parameters. The
largest error is minimized by the E-optimal design, which
corresponds to a minimization of the largest eigenvalue of
thecovariancematrix. Themodified E-optimal design min-
imizes the ratio of the largest to the smallest eigenvector
and thus optimizes the functional shape of the confidence
intervals. Other measures for the information content are
possible (see, e.g., [17] for acriterion based on the largest
actual estimation error).

The optimization of the different optimality criteriacan
bequiteintensivein termsof computing time. For the com-
putation of the optimal stimulation of the MAP—Kinase
pathway in section 3, a polynomial parameterization of
the input function isused. Then, aminimization algorithm
based on a sequentia quadratic programming method, im-
plemented in the NAG numerical libraries [18], is used to
obtain the optimal stimulation.

3. Application to the MAP—Kinase Cascade

Upon external stimulation, cell surface receptorsinitiate a
network of internal signaling pathwaysthat are essential to
cell function by transmitting the signal through the cyto-
plasm to the nucleus. One of these signaling pathways, the
mitogen-activated protein kinase (MAPK) signal cascade,
isahighly conserved pathway foundin avariety of eukary-
otic organisms. Therefore, cumulative efforts over the past
decade have been carried out to explore the functionality
and properties of this module [19-25; for an overview, see
26-28].

MAP—Kinase is assumed to be composed of three ki-
nases: MAPK kinase kinase (Raf), MAPK kinase (Mek),
and MAPK (Erk). These kinases can be activated by phos-
phorylation. The activated form then catalyzes the acti-
vation of the downstream kinase. Double-phosphorylated
Erk, the final step of the signaling cascade, translocates
into the nucleus and triggers gene expression. The MAP—
Kinase forms the final step of numerous signaling path-
ways, as shown in Figure 1.

In the following, we will concentrate on the last step of
the MAPK cascade, which is shown in Figure 2.

Thereactions occurring in thislast step of the signaling
cascade are

[Erk]+[Mek** :1 [Erk — Mek™]—2> [Erk*]+[Mek*],

b1

[Erk']+[Mek™] — [Erk® — Mek™*] —> [Erk™]+ [Mek™],

b3

[Erk*]+[Pase] :4 [Erk™ — Pase] —> [Erk*]+[Pasel,

by

[Erk*]+[Pase] :Z [Erk" — Pase] —> [Erk]+[Pase].

by
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Figure 1. The typical graphical representation of signaling
pathways. The receptor spans the cell membrane. Its activa-
tion upon extracellular stimulation is mediated to the DNA in
the cell nucleus by a cascade of phosphorylations. The last
steps of the cascade form the MAP—Kinase cascade.

Erk™

Erk |«——W——

Pase

Figure 2. The last step of the mitogen-activated protein kinase
(MAPK) cascade. Activated MAPK kinase (Mek**) catalyzes
the activation of MAPK (Erk) by phosphorylation, resulting in
the activated form Erk**. The deactivation of the active form
is catalyzed by the phosphatase (Pase).

Assuming the mass action law for each of these reactions,
asystem of coupled ordinary differential equationsfor the
involved proteins can be derived:

[Erk*] = ci[Erk — Mek™] — as[Erk*][Mek™]
+ ba[Erk* — Mek™] + ¢4[Erk™ — Pase]
— ay[Erk*][Pase] + b,[Erk™ — Pasel,
[Erk™] = c3[Erk* — Mek™] — a,[Erk*][Pase]
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+ by Erk” — Pasel],
[Erk — Mek*] = a,[Erk][Mek*]
— (b1 + c1)[Erk — Mek™],
[Erk* — Mek™] = as[Erk*][Mek™]
— (b3 + c3)[Erk* — Mek™],
[Erk* — Pase] = a,[Erk*][Pase]
— (ba + ca)[ErK" — Pase],
[Erk™ — Pase] = as[Erk™][Pase]
— (bs + cg)[Erk™ — Pase].

Since the model assumes that the total Erk concentration
is constant, the nonactivated Erk is given in terms of the
total Erk concentration,

[Erk](r) = [ErKlww — [Erk*1(r) — [Erk*](z) . (16)

Altogether, there are 14 dynamical parameters involved:
the 12 reaction rates a;, b;, ¢;,i € 1,...,4 and the total
phosphatase (Pase) and kinase (Erk) concentrations. The
parameters a; denote the rates at which the substrate binds
totheenzyme, b; denotesthe corresponding breaking rates,
and ¢; denotes the rate at which the actual activation reac-
tion occurs. For this system, Mek* serves as input, while
Erk** can be regarded as the output of the system. The
initial concentrations of all phosphorylated Erks and com-
plexes of phosphorylated Erkswith Meks or phosphatases
are zero.

4. Results

To understand the functionality of the MAPK signaling
pathway, a quantitative description of the signal dynamic
isnecessary [24]. The crucial question for such asystems-
level approach is how theinformation content of measure-
ments can be quantified and how experiments can be opti-
mized to yield amaximal amount of information about the
observed system.

To answer these questions, we performed a simulation
study, using thelast step of the MAPK cascade as an exam-
ple. We assumed that the dynamical behavior of both the
inactive (Erk) and the active (Erk**) form of MAPK can be
measured subject to a known stimulation of the activated
MAPK (Mek*) (see Fig. 2).

The dynamic behavior of the system and thus the pa-
rameter estimation accuracy depend on the actual param-
eter values. To demonstrate the prospects of experimental
design considerations, the following parameters have been
chosen for the purpose of the presented simulation study:

Cli:O.S, bl‘ZO.G, C,-=0.9, l=1,,4
17
Pase,,, = 20, Erk,,, = 50.

In general, for optimal experimental design investigations,
arough knowledge of the actual parameters is necessary.

Mathematical Model

/ Experiment

Parameter Estimation — > Optimal Experimental Design
Figure 3. lllustration of the model-building process. Starting
from a hypothetical mathematical model, experiments are
performed to validate and improve the model. After each
parameter estimation, optimal experimental design can

be used to perform further informative experiments, which
increase the information about the system.

Usually, afirst simpleexperiment is performed to get afirst
estimate of the parameters. Then, these parametersare used
to design new experiments. In aniterative process, then, the
information from these new experimentsisincluded in the
design process (see Fig. 3).

A typical time evolution of the system response—the
two measured components Erk and Erk**, subject to astim-
ulus with a quartic input function (see equation (18)), in-
cluding Gaussian observational noise (¢ = 0.3)—isshown
in Figure 4a.

To simplify the discussion of the results, we restrict
ourselvesto the estimation of two parametersfrom thefirst
reaction in Figure 2. We will discuss the estimation of a;,
b, and ay, c;; since these two cases showed quite different
behavior, all other parameters were fixed. However, the
conceptsdiscussed can begeneralizedto alarger parameter
space.

4.1 Parameter Identifiability

Before one tries to estimate these parameters, one must
ensure that the parameters are identifiable at all. To inves-
tigate identifiability, we simulated data according to the
model, and observational noise was added. Then, mini-
mization of %2(0) (see equation (8)) yielded an estimate
of the parameters and the covariance matrix. As discussed
in section 2.3, the asymptotic behavior of the condition
number of this covariance matrix can be used to assess the
identifiability of the parameters [8]. Figure 4b shows the
behavior of the condition number if the parameters a, and
b, areestimated and ¢, isfixed. It can be seen that the con-
dition number does not tend to infinity with an increasing
number N of data points; hence, in this setting, the param-
eters are locally identifiable. However, the large values of
the condition number aready indicate that there will be
large estimation errors, which probably limit the practical
identifiability. Estimation of a; and ¢; showed the same
qualitative behavior, but the values of the condition num-
ber were much smaller.

Volume 79, Number 12 SIMULATION 721
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Figure 4. (a) Typical time evolution of the measured activated and inactivated mitogen-activated protein kinase (MAPK) concen-
trations, Erk and Erk**, for a linear input signal with p; = 0.267 (see equation (18)) and parameters for the MAP—Kinase cascade
a; = 0.5, bj = 0.6, ¢; = 0.9 and Paseyo = 20, Erkiot = 50. (b) Asymptotic behavior of the condition number of the covariance matrix

when the rate constants a; and b; are estimated.

4.2 Optimal Experimental Design

Designing optimal experiments typically involves deci-
sionsabout what componentsof the system aremeasured at
which pointsintime. Inaddition, the stimul ation of thesys-
tem hasto be chosen. For our simulation study, we assume
that the time evolution of the inactive (Erk) and activated
(Erk**) MAPK is measured at a given time resolution, and
wetry to find the most informative input profile for Mek**.
To thisend, we used a polynomial parameterization of the
input function

d
Mek™ (1) =2+ Y pi 1,

k=1

(18)
2 < Mek™(r) <10 Vr € [0, 30],

where the maximal and minimal Mek** concentrations are
bounded. Using this parameterization of the input, we op-
timized the different design criteria discussed in section
2.4 to obtain the optimal input for different degrees d of
the input function.

The confidence intervals calculated according to equa:
tion (15) arevalidintheasymptotic case of aninfinite num-
ber of observations. To assess the validity of this assump-
tion in the present case, observationa noise is added to
simulated data, and the parameters are estimated. Figure 5
shows the 95% confidence ellipsoids cal culated according
to equation (15) for amodified E-optimal design, together
with 200 samples of estimated parameters for the optimal
linear and 500 samplesfor the quarticinput function. It can
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be seen that the shape and size of the computed confidence
ellipsoidsresemblethedistribution of the estimated param-
eters, while the estimated parameters are dlightly shifted
toward higher parameter values. Thisindicates that in the
current setting, the asymptotic covariance matrix can be
used to optimize the experimental design. Note that also
if this assumption would not be valid, one can still use the
estimated parameters to reconstruct the covariance matrix
and thus optimize the experimenta design. However, the
numerical effortsin this case are much larger.

Figure 6 shows the shape of the 95% confidence ellip-
soid cal culated according to equation (15) for an estimation
of the parameters a, and b,, using two optimal input func-
tions of different degree d. The modified E-optimal design
was used to find the optimal linear and quartic input func-
tion. It can be seen that there is a substantial improvement
in parameter estimation accuracy in moving from an op-
timal linear input to the optimal quartic input function. In
this case, the estimation error in the parameter a, was re-
duced by approximately 60%.

Figure 7a shows the 95% confidence intervals for esti-
mation of a,, b, for the D-optimal, E-optimal, and modi-
fied E-optimal design using the largest degree of the input
function. There is a strong correlation between the esti-
mates of these two parameters. These correlations can lead
to practical nonidentifiability for less optimal input func-
tions, despite the structural identifiability that is presentin
this case.

Especially in the case of correlated estimates, it isim-
portant to be aware of the multidimensionality of the con-
fidence interval. For example, the estimation error of a,, if
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Figure 5. The 95% confidence intervals for the parameters a; and b1 in the case of a modified E-optimal design for the best linear
(a) and quartic (b) input function, together with 200 (a) and 500 (b) samples of estimated parameters

1.2

linear input

1.0 quartic input

0.8

&' 0.6

0.4+

0.2

0.0 I I I
035 04 045

I I I I I
0.5 0.55 0.6 0.65 0.7

a,

Figure 6. The 95% confidence intervals for the parameters a; and b1 in the case of a modified E-optimal design for the best linear

and quartic input function

the parameter b, would befixed, is about 10 times smaller
than in the case when both parameters are estimated. The
estimation error of a,, if b, isfixed, canbeseeninFigure 7a
as the projection of the intersection of the b, = 0.6 line
and the confidence ellipsoid to the ¢, axis.

Figure 7b shows the confidence regions for an estima-
tion of a; and ¢;. Thereisonly asmall correlation between
these two parameters present, and hence these parameters
arebetter suited to adiscussion of thedifferent design crite-

ria. Asexpected, the D-optimal design resultsin the small-
est volumein the parameter space of the confidenceregion,
whilethe E-optimal design minimizesthelargest principal
axis of the confidence ellipsoid. In contrast to these cri-
teria, the modified E-optimal design, which optimizes the
shape of the confidence region, resultsin larger estimation
errors, especially for the parameter a;.

Figure 8 shows the optimal input functions for differ-
ent degrees of the polynom from equation (18) for the

Volume 79, Number 12 SIMULATION 723
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E-optimal design, the modified E-optimal design, and the
D-optimal design.

5. Conclusion

Systems hiology is based on quantitative dynamic mea-
surements of biological systems, from which the system
structure and the parameters have to be deduced. We have
used the MAP—Kinase signaling cascade, a highly con-
served regulatory module, to demonstrate the impact of
improved experimental designs on parameter estimation
accuracy. We have shown that by moving from a linear
input function to a specific quartic input function, the pa-
rameter estimation error could be reduced by 60%.

In addition to improving the estimation accuracy, com-
puter simulations can also help in detecting possible prac-
tical nonidentifiabilities in the parameter space. Practical
nonidentifiability will result in a large condition number
of the estimated covariance matrix (see Fig. 6 as an ex-
ample). This example illustrates that, for example, for an
analysis of robustness, where the sensitivity of the output
to variationsin the parametersisstudied, it does not suffice
to use variations in single parameters. In general, combi-
nations of parameters are the most prospective candidates
for nonidentifiabilities.

Since the modified E-optimal design resulted in larger
confidence intervals, this smulation study would prefer
the E- and D-optimal experimental designs. These designs
resulted in roughly the similar shape and size of the confi-
dence regions.

The software used for the presented simulations is
available on request from the authors (jeti@fdm.uni-
freiburg.de).
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