ChE 120B

Heat Transfer
Review of General Transport Equations

Consider an observer moving through space at a velocity », which may be different
than the fluid velocity ». The observer is continually measuring some fluid property
designated by ' (scalar) such asT, p,V,, etc.
What is the time rate of change of .§ as measured by observer:

d_S_ lim S t+At_S|t

dt At—0 At

In general, §'is a function of 4 x; j, g and the spatial coordinates are a function of

time
dS d

8 L [s((x0).y().2(0).1)]

Using the chain rule, we can write with respect to fixed (x; 9, )

ds (dSJ dx (dS (dyj (ds] (dxj (dsj
—=—| —+|— == |+| — — |+ — and
dt \dx),, dt \dy) \dt dz J, .\ dt dt ).,

we see that
dx
W, =—
dt
w =Y
Y oodt
dz
W, =—
dt

SO

ds (8sj (asj os (85) oS
— = = [+W | — [+W, | — [+W,| — |=—+W- VS
dt (ot OX "\ oy oz) ot

in the specific case the w = v, this is called the material derivative:
DS_B .y vs
Dt ot
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ChE 120B

If the observer is fixed in space » = » = 0 and
DS _as
Dt ot

With sufficient space, we can also show that

b J.SdV = I((Z?jdv + ISv.ndA
An

Vol (t) Vi (1)

Reynold's Transport Theorem
a particular example of
Leibnig formula (page 732)

Review of Transport Equations

Material Derivative
DS GS

Dt

+Vv-VS S — Scalar

Conservation of Mass
[ ,pdv =0

and the Reynold's transport theorem states

% jVSdV=IV(%JdV+ -jASV - ndA

Divergence Theorem
— J' —I|:—+ V Sv }dv, hence

% vadV = J{Ep+v-pv} dv

and arbitrary volumes implies

6_p +V.pv=0— continuity equation

ot

equivalent to conversation of mass
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ChE 120B

Conservation of Linear Momentum

{time rate of change of linear momentum} = {the force on body|

jpgdv + jAtndA

D
EI pvav = jvm body force  surface (shear)
force

t =T-n T — stress tensor

and
DRtI(pV)dV = jvmpgdv +IAHT-n dA

Showing using Reynold’s theorem, pV =S

S [

ot

op ov
=—V+V(V:-pV)+p—+pVv-VV
(V-pv)+p P

_-Y 0 by continuity equation

=J‘v[%%’t7’- p;] + p [?T: + pv - Vv]

DY
Dx
%jpvdv=jp%dv
jp j g+VTdV and

arbitary volumes implies

Dv
_— V-T=0
P Dt Pr9 -
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and we can also show that T=T" or Tij :Tji

The stress tensor can be written as

T=-pu+z p 1s 1sotropic pressure
u is unit tensor
T is viscous stress tensor
a-u=u-a=a and
V-pu=Vp V-(pu+r)=
-Vp+V.r

Dv
—=-Vp+pg+V-7
P Dt P+ pPg

and for Newtonian fluids
2
T=u(VWW+W' )+V| k—=pu |V-v
u(wv 4V )y k-2

usually very small
OV,
oX;  OX 3 ) oX,

for incompressible flow and constant velocity

%O+V-pv:0—>v-v:0 and

p(%+v-Vv]:—Vp+pg+uV2v

is the Navier-Stokes equation.

Finally, conservation of energy, we showed eatlier that
D 1., 3
ajp(e+5v Jdv = .[—q -n dA+Itn v dA

+ng~v dv +4fCDdV

and doing similar tricks we can show

D 1, D 1,
— e+=v ldV=|p—|e+=v" |dV
Dtjp( 2 ] Jth( 2 j
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ChE 120B
J.—q~ndA=I—V~qu

[t,-vdA=[V-(T-v)dv
and hence

0= j{ (e+ v]+V-q—V-(T-v)—pg-v—CI>}dV

and p%(e+%v2]=—v-q+v-(T V)= pg-v-O0

is the general energy balance
We have already used the Steady State case with zero velocity

-V.q+®=0 and gq=-kVT to get

VT +® =0 as the thermal equation.

Now we need to retain » for times when convection is important

p%(e+%v2j+v-v(e+%v2j:—V-q+V(T V)+pg-v—D

(for » constant = 0 we had) p% =-V.-q+O
and % =+aV°’T +®/pCp

To simplify these equations, examine V- stress equation of motion

pﬂ=pg+V~T, dotv

Dt

Dv

V.-—=V-pg+V-V-T
P Dt PrY

1

,ov_ DoV D(zvzj
ot bt Pl
and
V(T-v)=V-(v-T) T is symmetric

an identity from tensors gives

V-v-T=v(V-T)+-Vv:T
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Mechanical engineering equation subtract from above general energy equation

D(1,
—| =V |= V+V(v-T)-Vv:T
th[2 j s (v-T)

to get
De
—=-V.q+VW:T+®
th q
and using T =7+ pu
pE=—V.q— pV-v+Vvir+O
Dt
and with q=-kVT

p%zvhk VT)-pV-v+VVir+®

Let's examine some basic cases
A) Constant volume — constant density

V-v=0 from continuity
p%=V(k VT)+VV:T+CD

De (%) DT, () Dp
(@j =C, and (%ij Since p is constant
ar ), Dt

pCV%=V-(k VT)+VWir+®

C, #C, for many solid and liquid materials

B) Constant pressure
@+pv-v:o and pV-V=£%
Dt p Dt
P28 vk vT)+ 222 vyirra
Dt p Dt
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ChE 120B

e+pV:H:e+B

Yo,

and
%_(ﬁ] E{ﬁj DP _. DT
Dt \oT /), Dt \oP ). Dt ° Dt

pCpﬂzv-(k VT)+VVv:ir+® — constant P
D

In general, P and 17 are not constant and we get
DT Dp
C —=V(kVT)+TS—+VVv:iT+D
70 bt ( )<1/ Dt

L (Gp j — coefficient of thermal expansion
p

p\oT
- - important to free convection

Now we need to examine each term above to find out if it is important.

Order of magnitude — viscous dissipation pC, ot Vvt

no generation, steady state, no conduction
Vv:7— energy lost from fluid momentum by friction.

Examine laminar flow in a tube, v, =V, () only

8V 2
Vv:ir= z
“(arj

2 2
Foratube v, (r)= APR 1—(Lj
4ul R
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DT oT
—— =V, — for steady state
Dt 0z
16(v,)"
and vza—szCp-£=vV;f:L22>
0z Dt D

Solving forE we get

16u(v,) ar
pC,D* oz
D(v
in terms of Reynolds' number D<Vz>p/y = < Z> =Re
v
vRe
16/1—[) T
pC,D* &
16v° Re _oT
C,D° &
Re ~10°

v=.2.cm?/sec
forair D~1cm
C, ~.2 cal/gm°C

2_T;1x10‘4° C/cm for air--negligible
z

for water
Ng, ~10°
v=10"7cm?/sec
D ~1cm
C, ~1cal/gm°C
oT

—~107%C/cm
574

for heavy oil
N, ~10° v ~10cm?/sec
D ~1cm Cp~0.5cal/gm°C

2—1- ~.1°C/cm --too big to ignore?
z
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Reversible work — laminar tube flow
DT Dp

—=|Tp——/pC

Dt (ﬁ pt/” p)

DT oT
_=VZ_
Dt 0z

Dp_, %
Dt 0z

steady flow

oT
dz(,..)
or ([ TB \op

pCp ) 0z

={Tﬂ2§ pij

D3 dz

oT v?Re
= 32T
dz(,..) ﬂC D?

p

<275 (7]
oz (viscous dissipation)

for air (ideal gas) g =Tl and

oT B ﬂ
0z 0z

work viscous dissipation

for water 3 ~10°/°C, 32 # T ~10 and

for IDEAL

oT ~108_T

6zwork OZ viscous dissipation

10-9



